We demonstrate how the boundary-driven reconstruction of the superconducting order parameter can be employed to manipulate the zero-energy Majorana bound states (MBSs) occurring in a topological Josephson junction. We focus on an interface of two p-wave superconductors, which are described by a spin-vector order parameter d. Apart from the sensitivity of d to external Zeeman/exchange fields, here, we show that the orientation of d throughout the junction can be controlled by electrically gating the weak link. The remarkable local character of this knob is a manifestation of the edge reconstruction of the order parameter, which takes place whenever different d-vector configurations in each superconductor compete and are close in energy. As a consequence, the spin-dependent superconducting-phase difference across the junction is switchable from 0 to π. Moreover, in the regime where multiple edge MBSs occur for each superconductor, the Andreev-bound-state (ABS) spectra can be twisted by the application of either a charge-or spin-phase difference across the interface, and give rise to a rich diversity of nonstandard ABS dispersions. Interestingly, some of these dispersions show band crossings protected by fermion parity, despite their 2π-periodic character. These crossings additionally unlock the possibility of nontrivial topology in synthetic spaces, when considering networks of such 1D junctions. Lastly, the interface MBSs induce a distinct elecronic spin polarization near the junction, which possesses a characteristic spatial pattern that allows the detection of MBSs using spin-polarized scanning tunneling microscopy. These findings unveil novel paths to mechanisms for ABS engineering and single-out signatures relevant for the experimental detection and manipulation of MBSs.
I. INTRODUCTION
The coherent control and manipulation of the electron spin are fundamental challenges in solid-state physics and the discovery of new effects and quantum materials are key prerequisite in this direction. In superconductors, Cooper pairs consist of two spin-1/2 electrons and, thus, they also support spin-1 angular momentum and orbital p-wave symmetry [1] [2] [3] [4] [5] [6] [7] , apart from the more conventional s-wave spin-singlet pairing. The order parameter in such p-wave superconductors is a complex spin vector, so-called d, which ties the spin and orbital degrees of freedom together, therefore, opening perspectives for a complex response to Zeeman/ferromagnetic fields [8] [9] [10] [11] [12] [13] [14] , spin-sensitive Josephson transport [15] [16] [17] [18] [19] [20] and superconducting spintronics [21] . The latter two categories of phenomena can be studied by imposing a spin-phase difference ∆φ s across the p-wave junction, instead/on-top of a charge-phase difference ∆φ c . The Josephson transport is mediated by the so-called Andreev bound states (ABSs), which are fermionic quasiparticle excitations appearing near the interface. The ABS spectra can be twisted by either type of superconductingphase difference ∆φ c,s , while the presence of both perturbations allows for more complex possibilities.
Remarkably, ABSs in spin-triplet p-wave superconductors are tightly connected to Majorana quasiparticles [22, 23] . One-dimensional junctions of intrinsic [1] [2] [3] [4] [5] [6] [7] or artificial [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] p-wave superconductors harbor the so-called Majorana bound states (MBSs) which are pinned to zero energy and are charge neutral. In fact, a p-wave Joseph-son junction features pairs of coupled MBSs, characterized by 4π-periodic energy dispersions [4, 16, [34] [35] [36] [37] [38] [39] , i.e., ∝ cos(∆φ c /2). The linear crossing at ∆φ c = π is protected by the fermion-parity conservation [34, 35] and reflects the exotic properties of the MBSs, among which, one finds their non-Abelian exchange statistics [3] . In fact, the latter property holds promise for MBS-based topological quantum computing through the non-local storage of information [3, [40] [41] [42] . This tantalizing possibility has recently sparked a plethora of predictions for MBSs in various artificial p-wave superconducting systems, including topological insulators proximity-coupled to SCs [24] , semiconductor-superconductor hybrids [43] [44] [45] [46] , magnetic atomic chains on superconductors [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] and others. These led to a cascade of experimental efforts verifying the existence of MBSs by employing diverse spectroscopic probes [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] . Interestingly, in some of these experiments [61, 64-66, 72, 76] , spin-polarized scanning tunneling microscopy (STM) emerged as a powerful tool to detect MBSs by means of the elecronic spin polarization they induce [77] [78] [79] [80] . Nonetheless, such a detection strategy has not yet been pursued to confirm intrinsic p-wave superconductivity in prominent candidate materials, e.g., the Bechgaard salts [81] and lithium molybdenum purple bronze [82] .
In this work, we focus on control routes of MBSs and the arising ABS spectra with special emphasis on the spin-related properties, by considering Josephson junctions based on spin-triplet p-wave superconductors. Our analysis unveils a number of nonstandard ABS dispersions, which, despite their 2π-periodicity with respect arXiv:1901.00878v1 [cond-mat.supr-con] 3 Jan 2019 FIG. 1. Schematic view of the heterostructure with applied fields h1,2, whose orientation is confined to the yz plane. The fields' orientation is set by the angles θ1,2, which are zero for fields parallel to the z direction. We depict representative d-vector configurations, which are associated with the nonzero spin-triplet superconducting order parameters ∆ αα iz with α = (↑, ↓). The d vectors lie in the xy plane forming angles α1,2 with respect to the x axis. The iz = 0 position labels the interface site between the two superconductors, which are labelled by 1 and 2, respectively. Each superconductor has a finite size of N sites. For our numerical simulations we set N = 200. t b is the interface charge-transfer amplitude which allows for an electronic connection between the superconductors. Gating through Vg results in electrically tuning the strength of t b , by suitably depleting or increasing the electronic density at the site iz = 0. The two superconductors feel opposite phases for both spin sectors, with the respective difference being modeled by multiplying the spin-triplet order parameters ∆ αα iz with α = (↑, ↓), by the spatially dependent factors exp[sgn(iz)iφα]. For a charge-and spin-phase difference we have φ ↑ = φ ↓ = ∆φc/2 and φ ↑ = −φ ↓ = ∆φs/2. The magnetoelectric tuning of the device leads to various Andreev-bound-state dispersions with respect to ∆φc,s.
to the phase-difference bias, they still contain fermionparity-protected linear band crossings. As we discuss here, and in our accompanying work of Ref. [83] , the presence of crossings in the ABS dispersions can form the basis for engineering nontrivial topology when considering networks of loosely-coupled 1D p-wave junctions. Notably, the nontrivial topology in the cases of interest is defined in the synthetic space spanned by the phasedifference and the wave vectors of the extra dimensions.
The wide range of ABS spectra found here, results from the competition between the energetics in the bulk and at the edge of the junction, which allow for the orientation of d to be switched from a configuration that is coplanar to the magnetic-field's easy plane, to another, which is perpendicular to it. For a weak spin-orbit pinning, it has been shown [11, 12] that the application of a Zeeman/exchange field h induces a re-organization of the d vector, so that |h · d| is minimized. However, this tendency, which is promoted by the bulk contribution to the magnetic energy of the device, can be counterbalanced by boundary effects, that allow for a window of thermodynamic stability with d||h [12] . Here, we reveal that such a topological transition can be solely controlled by electric means, i.e., by suitably tuning the junction's transparency through gating at the interface. Such a local tunability is a general consequence of an edge-driven reconstruction [12] , which the order parameter undergoes when different d-vector orientations compete and are close in energy.
This re-organization mechanism open perspectives for the control of the spin-phase difference across the pwave Josephson junction. In fact, the application of Zeeman/exchange fields and interface gating potentials, can effect topological phase transitions which lead to a switching of the spin-phase difference from 0 to π. Compared to other control mechanisms, the manipulation of the spin-triplet superconductors proposed here, has various conceptual novelties. First, it occurs by uniquely modifying a boundary condition, without changing the symmetry of the system and without going through a gap closing in the bulk. Further, it exhibits a high degree of feasibility, since the spin-phase difference control is solely based on varying the junction's transparency by tuning the strength of the charge transfer across it.
With an eye to also motivating spin-resolved STM experiments in candidate intrinsic p-wave superconductors, we additionally obtain the spatially-resolved spinpolarization of the MBSs. This exhibits a distinct spatial pattern close to the interface, which is mostly independent of the strength of the magnetoelectric drives. Moreover, different cases supporting configurations of multiple interface MBSs are demonstrated. In accordance with Ref. 78 , we show that p-wave superconductors with two MBSs per edge carry an Ising spin [78] , which couples to Zeeman and proximity-induced exchange fields.
The paper is organized as follows. In Sec. II we present our model and methodology. In Sec. III we discuss the phase diagram of a magnetoelectrically-tunable p-wave junction. Specifically, we review the phenomenology of a single spin-triplet superconductor (STSC) in an external Zeeman/exchange field in Sec. III A, and devote Sec. III B to discuss new results concerning the phase diagram of the hybrid device. Sec. IV presents the accessible ABS spectra obtained in the various regions of the phase diagram of the junction. We consider both situations of biasing the junction with a charge-and a spin-phase difference. In Sec. V, we investigate the electronic spin polarization induced by MBSs, which emerge at special values of the charge-and spin-phase differences.
Our spin-polarization study reveals unique properties of spin-triplet p-wave superconductors with multiple edge MBSs, which can motivate spin-resolved STM experiments. In Sec. VI, we extend our analysis to networks of such Josephson junctions, and focus on the type of dispersion obtained for the arising dispersive Majorana edge modes. We show that, in particular cases, such systems exhibit topologically nontrivial properties in the synthetic space composed of the phase-difference variable and the wave vector. Finally, in Sec. VII, we provide perspectives and conclusions.
II. MODEL AND METHODOLOGY
We consider a heterostructure consisting of two coupled STSCs, as shown in Fig. 1 , which are assumed to have been "carved out" of the same material. The hybrid system extends along the z axis and has a length of L = 2N + 1 sites with the lattice constant set to unity. We denote the lattice sites by i z ∈ [−N, N ]. The interface of the two superconductors is located at i z = 0, i.e., modelled here by a single lattice point. The interface site is additionally assumed to be intrinsically nonsuperconducting and non-magnetic, while electrons can hop on/off it in a spin-conserving manner. Therefore, the coupling of the two superconductors, mediated by this interface link, also results to be spin-conserving. Further, each superconductor is subjected to a homogeneous Zeeman or a proximity-induced exchange field. The fields on each side of the junction generally differ on magnitude and orientation. The Bogoliubov-de Gennes (BdG) Hamiltonian in lattice space reads
with the term H SC describing the two superconducting segments defined as
and the interface charge-transfer contribution given by
Here, c izα defines the annihilation operator of an electron with spin projection α =↑, ↓ at the site i z , and σ a is the Pauli matrix corresponding to the a-th spin direction. The hopping is nonvanishing only between the nearest-neighboring sites i z , j z with t izjz = t, while t b sets the strength of the charge transfer between the two superconductors mediated by the link. The Zeeman field is piecewise constant, taking values h 1,2 on the left and right sides of the junction, respectively. Moreover, the field is assumed to have an orientation confined to an easy plane (yz) throughout the device. For convenience, we parametrize the field orientation on each side using the angles θ s , i.e., h s = h s (0, sin θ s , cos θ s ), with s = 1, 2. The general bond-defined spin-triplet pairing order parameter is given by the expectation value
resulting from a mean-field decoupling of a suitable twoelectron interaction of spin-dependent strengths V αβ iz . The spin-triplet pairing order parameter can be expressed in the matrix form
where we made use of the relation ∆ ↑↓ iz = ∆ ↓↑ iz , which holds by virtue of the spin-triplet character of the pairing. The complex d-vector components are related to the pair correlations with zero spin projection along the corresponding spin axis, and read:
In this work, the pairing interaction V αβ iz is assumed to be equal and spatially constant for the two superconductors, and nonzero only in the ↑↑ and ↓↓ channels (V ↑↑ iz = V ↓↓ iz = V ). Thus, the d vector lies in the xy plane, as depicted in Fig. 1 . We remind the reader that the pairing potential is zero at the dot site i z = 0. Morevover, it is worth pointing out that the relative 0 (π) spin-phase difference appearing between the ∆ ↑↑ iz and ∆ ↓↓ iz matrix elements when only the d y (d x ) component is present, can be pivotal for spintronic applications. In fact, we discuss in Secs. III A and III B ways to controllably switch between ground states featuring a spin-phase difference of 0 and π.
In the analysis to follow, the ground state is determined for open boundary conditions by solving the BdG equation on a lattice, within an iterative self-consistent scheme of computation and by minimization of the total free energy [17, 18] . The investigation is performed for a representative pairing-potential strength V = 2t, leading to a |d| of the order of 0.1, and additionally assuming equal field amplitudes (|h 1,2 | = h) on both sides of the junction. The heterostructure length was set equal to L = 401 sites for all simulations. Modifying the latter, as well as introducing small deviations from the abovementioned parameter values, leaves the results qualitatively unchanged.
III. SELF-CONSISTENT PHASE DIAGRAM OF SPIN-TRIPLET SUPERCONDUCTOR HYBRIDS
Our motivation to study the particular hybrid device mainly stems from the rich response and phase diagram of a single STSC in the presence of magnetic fields [8] [9] [10] [11] [12] [13] , and with coexisting magnetic orders [14] . Below, we first review the results for a bulk STSC under the influence of magnetic/exhange fields, and then, we extend this study to the case of a junction consisting of two STSCs.
A. Phase diagram for a single STSC in Zeeman/exchange fields
In the weak interface-coupling limit t b t, the phenomenology of the hybrid device can be well-understood by building upon the topological properties of the isolated superconducting segments in the presence of the corresponding Zeeman/exchange fields. Such an in-depth analysis took place by the present authors in Ref. 12 . We briefly review the main conclusions also here, both for reasons of completeness but, more importantly, for a smoother presentation of the new results regarding the heterostructure.
The key result obtained for an isolated STSC in the presence of an external field, is the re-organization of the d vector due to the magnetic contribution of the MBSs to the free energy. To better understand the role of the bulk and edge degrees of freedom in the stabilization of the ground state in the presence of an applied field, let us first remind the thermodynamic and topological properties of a bulk segment of a STSC with a d vector confined to the xy plane, i.e., d = d(i cos α, sin α, 0), and a field h = h(0, sin θ, cos θ) confined to the yz plane. Here, d is the modulus of the d vector.
In the bulk case, the type of the ground state and the resulting orientation of the d vector is solely controlled by two types of contributions to the free energy [11] , involving the terms |d · h| 2 and (id × d * ) · h, respectively. The first (second) term always leads to an increase (reduction) of energy. Therefore, in order to minimize the free energy, the d vector prefers to align perpendicular to h and further develop an induced orbital magnetization ∝ id × d * . In conjuction with the magnetic anisotropy of the d vector assumed here, one obtains that the angle α is generally nonzero and is pinned by the detailed balance of the two contributions. Nevertheless, the d x component appears dominant in the weak-field limit, since it is always perpendicular to the field considered here.
The topological properties for such a bulk system are controlled by the BdG Hamiltonian H k = ε k τ z − h sin θσ y + cos θτ z σ z + 2d sin k cos ατ y σ z − sin ατ y (7) defined for the spinor
Each Hamiltonian term is represented using Kronecker products of the Nambu τ and spin σ Pauli matrices, together with the corresponding unit matrices which we omit throughout this manuscript for simplicity. In addition, we introduced the dispersion ε k = −2t cos k − µ. The BdG Hamiltonian above resides in the BDI symmetry class exhibiting chiral, time-reversal and chargeconjugation symmetries [84] [85] [86] [87] [88] [89] with corresponding operators: Π = τ x σ z , Θ = σ z K and Ξ = τ x K. Here, K stands for complex conjugation. We insist that the emerging time-reversal symmetry does not lead to a Kramers degeneracy, because it satisfies Θ 2 = I, with I the identity operator. The particular symmetry class allows for 0, 1, 2 MBSs per edge for this Hamiltonian when open boundary conditions are considered, and under the condition that edge-driven re-organization effects are not taken into account [12, 13] . The MBS state vectors are in this case eigenstates of the chiral-symmetry operator Π, i.e.:
In the limiting case d y = 0 with α = 0, π (d x = 0 with α = ±π/2), we obtain two (zero) MBSs per edge. Thus, when the d x component is zero, the system becomes trivial. This is quite remarkable, since in the absence of the field the presence of either d x or d y yields two MBSs per edge. For a ground state with only the d x component nonzero, and zero field, the MBS eigenstates are generally linear combinations of the ones of the BdG Hamiltonian of Eq. (7) and, thus, eigenstates of Π. However, the MBS-state vector structure is markedly different for a ground state with only the d y component nonzero. In this case, the zero-field MBS solutions on the two edges are eigenstates of the chiral-symmetry operatorΠ = τ x , and read:
This notable difference of the MBS state-vector structure accounts for the different behavior of a ground state with only a nonzero d x or d y component, when the field is added. Since the d x case is adiabatically connected to the general case of Eq. (7), we expect the two MBSs per edge to persist in the weak-field limit. Instead, in [dx] (θ2 = 0) , ∆0 is the SC gap at zero field, and the parameters are t = 1, h1 = h2 = 0.05t, µ = 1.0t, t b = 0.05t and θ1 = π/4. (b) Phase diagram in terms of the field-rotation angles for a representative set of parameters as in (a). Different colors refer to inequivalent configurations of the d vector, specifically D ab corresponds to the region in which the most stable configuration has a dominant da component in one SC and d b in the other (a, b = x, y). In the inset, an enlargement of the shaded square is shown, where the white lines are the phase boundaries between the D ab zones, when the two SCs are disconnencted (t b = 0). The various regions have different topological behavior: phases in the Dxx (blue) region harbor 4 MBSs at the interface when the phase difference ∆φc across the junction is π. Phases in the Dxy (red) area support 2 MBSs at the interface for ∆φc = 0 and π. The Dyy (grey) regions define topologically-trivial phases, in the sense that MBSs can never become re-entrant for any value of ∆φc. In addition, thẽ Dyy (magenta) slivers, take place when one of the fields is oriented along the z axis. Remarkably, while also in this case the order-parameter configuration is dy-dy, the topological behavior is radically different from the Dyy configuration. Note, that, the yellow points indicate the positions of the phase diagram where the analysis refers to a variation of the hopping amplitude t b at the interface, shown in panel (c).
the d y case, the pair of MBSs at a given edge persists if the applied field is oriented along the z axis, while they become hybridized into nonzero energy ABSs for a field oriented along the y axis.
The above discontinuous topological behavior, depending on whether d y is the only nonzero d-vector component, has drastic consequences on deciding the ground state of the open system in the small θ angle and weakfield limit. When only the d y component is present, the pair of MBSs at each edge hybridize into nonzero ABSs and this conversion process lowers the free energy. Therefore, there exists a narrow window in which the local hybridization of MBS pairs dominates the cost of simultaneously increasing |d · h| and decreasing |d × d * |, with both tendencies imposed by the bulk degrees of freedom. Conclusively, an isolated and finite-sized STSC, under the conditions assumed here, is dictated by a nonzero d y component for small field angle and amplitude, while, away from this limit, both d x,y components are generally present with their relative angle α mainly controlled by the bulk contribution to the free energy.
B. Phase diagram for a STSC junction in Zeeman/exchange fields
In this section we investigate the phase diagram of the hybrid device of the two indirectly-coupled STSCs, in terms of the applied-field orientation and the strength of the charge transfer across the interface. We aim at exploring the effects of the interface coupling on the ground state of the system and the emergence of MBSs. We examine both the weak and strong limits for the interface coupling strength t b , thus, allowing us to interpolate from a tunneling-like to the high-transparency regime. Our analysis mainly focuses on the most-interesting weakfield regime, since this is the one allowing for multiple MBSs per edge.
Notably, if an increase of the amplitude of the exchange field is allowed, then an odd number of MBSs can also appear at the interface. For this circumstance, there is always a single interface MBS which remains at zero energy for any type and value of the applied phase differences across the junction [39] . For the applications we have in mind, this case appears less attractive compared to the one with an even number of MBSs per edge. Therefore, we do not consider it in the remainder.
Phase diagram as a function of the Zeeman fields' orientations for weak interface coupling
One of the principal goals of the present study is to investigate how Zeeman or exchange fields, present on both sides of the junction, control the relative d-vector orientations of the two STSC segments. In the weak interface-coupling limit t b t, the resulting ground state can be practically inferred by viewing the two superconducting segments as disconnected. Then, the edge reconstruction of the d vector along the junction follows from the discussion of Sec. III A. In this case, the interface coupling can be considered a weak perturbation, mainly influencing the MBSs which are located near the interface. Given these arguments, the superconducting configuration on each side is either (d x d y ) or (d y d x ), when weak external fields are considered. Therefore, in the remainder, the d-vector configuration of the hybrid device will be marked by the dominant d x or d y component of each
Hence, in this weak-field limit, we can identify four possible heterostructure configurations.
We start by numerically exploring the phase diagram in terms of varying the field orientations, while preserving the field's magnitude constant throughout the two superconducting segments. The spatial profile of the order parameter is obtained via an iterative self-consistent scheme of computation until the desired accuracy is achieved throughout the entire heterostructure. Apart from being confined in the xy plane, the d vector is otherwise unconstrained during this search.
Representative profiles of the free energy associated with the d vector solutions are reported in Fig. 2(a) . As an example, we show that for a field orientation θ 1 = π/4 of h 1 , the variation of θ 2 can drive different d-vector flop transitions from d x to d y . See also Fig. 2 (b) for a thorough phase-diagram exploration in terms of the (θ 1 , θ 2 ) parameter space for t b = 0.05t. Note, that, identical copies of this phase diagram are obtained in the remaining three quadrants of (θ 1 , θ 2 ) space after extending θ 1,2 ∈ [0, 2π). In Figs. 2(a) and (b), we observe that the ground state of the heterostructure can change from D xy to D xx when the orientation angle θ 2 , of the exchange field h 2 , deviates sufficiently from 0 or π.
As one would also expect from the results of a single STSC interfaced with vacuum, the application of the field on each side of the superconductor is able to pin the d vector along the x or y direction in spin space. In addition, according to the intuitive arguments discussed in the previous paragraph, we indeed find that it is this "local" re-organization mechanism which shapes the entire form of the phase diagram. As a matter of fact, when scanning the parameter space, we find that the D xx region dominates the phase diagram, especially for orientations of the exchange fields which are far from being parallel to the z direction, i.e., θ 1,2 ∼ 0, π. This is because, in this case, the h y component is substantial and leads to an energy cost (through |d · h| 2 ) which exceeds the gain from the hybridization of the edge MBSs accessible via the stabilization of the (d x = 0, d y = 0) ground state. Conversely, when θ 1,2 are near 0 or π, we obtain a D yy ground state with all the interface MBSs hybridized, even for t b = 0. However, if one of the two angles is equal to 0 or π, then one obtains the here so-denoted D yy ground state, which can harbor two MBSs per edge for the superconductor under the influence of the field parallel to the z axis. The D xy phase is stabilized if one field is oriented close to 0 or π, i.e., parallel to z, while the other one is away from this range of orientations.
Representative phase diagrams as a function of the interface-coupling strength
As discussed in the previous section, in the weak interface-coupling strength limit it is essentially the influence of the field on each side of the heterostructure which decides on the spatial profile of the d vector. Nonetheless, the impact of a stronger interface coupling is expected to be relevant near the (θ 1 , θ 2 ) parameter regions of the phase diagram in which the four distinct device ground states meet. This happens, for instance, when the applied fields have an orientation given by the angles θ 1 = θ 2 ∼ 0.15π. To resolve the role of the crosstalk between the two superconducting segments, we here explore the modification of the phase diagram upon a variation of the charge-transfer strength.
Such an exploration unveils a general trend regarding the transitions occurring upon increasing t b , i.e., when moving from a regime of bad t b < 0.1 to good t b ∼ 0.5 electronic interface-matching of the two superconductors. According to this trend, independently of the groundstate configuration that becomes stabilized by the external fields in the weak interface-coupling limit, the increase of t b leads to a D xx phase. This is also illustrated in Fig. 2(c) . Remarkably, the control of the barrier strength opens the path to a local manipulation of the ground state and the topological properties of the heterostructure, solely through the tunability of the interface energy contribution without involving any bulk energy-spectrum gap closings. These results also indicate, that, rendering the interface further transparent, reduces the available boundary regions and the possible energy gain from the hybridization of the interface MBSs and, thus, favors the D xx configuration which is promoted by the bulk degrees of freedom.
Finally, we investigate the special situation of field orientations along the z direction, i.e., θ 1,2 = 0, π. In this case, each isolated SC can reside in either the d x or d y ground states, since they are degenerate. In fact, in either configuration, each SC harbors two MBSs per edge, which are protected by a unitary symmetry that allows disconnecting the two spin sectors. Therefore, before contact, all the D ab ground states with a, b = x, y are degenerate. However, switching on t b renders the D ab with a = b always energetically unfavorable.
IV. ANDREEV-BOUND-STATE SPECTRA
In this paragraph we shed light on the topological properties of the hybrid device by considering a charge (∆φ c ) or a spin (∆φ s ) superconducting-phase difference across the junction. The study of the low-energy dispersions with respect to these two types of phase differences, reveals important information regarding the hybridization of the underlying MBSs, their possible zero-energypinning restoration, as well as the arising Josephson currents.
To evaluate the consequences of a phase gradient across the junction, we introduce both a charge-and a spin-phase difference between the left and right sides of the heterostructure. See also Fig. 1 . This is effected by multiplying the spin-triplet pairing order parameters ∆ αα iz , with α = (↑, ↓), by the spatially dependent factors exp[sgn(i z )iφ α ]. In this manner, the two STSCs feel opposite phases. Hence, for the case of a conventional charge Josephson configuration, we consider that both spin channels are twisted by the same phase factor, i.e., φ ↑ = φ ↓ = ∆φ c /2. On the other hand, to examine the spin component of the supercurrent flowing across the heterostructure, one has to consider that
Depending on the field angles θ 1,2 and the d 1,2 vectors stabilized, the STSCs comprising the junction can reside in a topologically non-trivial regime before contact and, thus, allow for edge MBSs. As discussed in Sec. III A, in the general case, each STSC features a BDI symmetry classification when isolated, therefore, giving rise to an integer number of edge MBSs protected by chiral symmetry. On top of that, one encounters exceptional situations in which either all the MBSs become hybridized or, if present, they are protected by a unitary, instead of a chiral, symmetry. In all cases, the interface MBSs can in principle hybridize and combine into nonzero-energy fermionic ABSs, or, persist being pinned at zero energy if additional symmetry constraints apply.
Here, having considered only short-ranged hopping amplitudes and weak interface-coupling and field strengths, a maximal number of two MBSs per edge can be obtained. See Ref. [12] for other possibilities. Given these conditions, we are left with only two possible dvector configurations which yield MBSs, i.e., either with the d x component necessarily nonzero for any orientation of the field in the yz plane, or, for only the d y component nonzero and the respective field exactly aligned along the z axis. Taking into account the phase diagram in Fig. 2 , we depict in Figs. 3(a)-(d) the MBSs obtained in each device ground state for special values of the phase differences ∆φ c,s . We note, that, for a charge-phase difference interface MBSs can reappear only for the D xx , D xy and D yy device ground states. Instead, interface MBSs can only re-emerge for the D yy , D xy andD yy device ground states when applying a spin-phase difference. Below we provide a theoretical framework to understand these findings.
Since we are interested in limits of weak Zeeman/exchange fields and low transparency for the junction, we may infer the qualitative and, up to a certain extend, the quantitative properties of the hybrid device by projecting the full Hamiltonian describing the system onto the MBS subspace. For the analytical discussion to follow, it is convenient to integrate out the link degrees of freedom at i z = 0, and obtain the effective interface coupling between the two superconductors
Here, T iz+jz define the matrix elements for the effective electron hopping between the two SCs, which depend only on the sites' distance, the details of the weak link, and the barrier strength t b . The next step is to gauge away the piecewise spatially-varying phases from the order parameters ∆ αα iz with α =↑, ↓. This is effected via the spin-dependent gauge transformation:
which transfers the phase differences to the interfacecoupling Hamiltonian of Eq. (11), which in the new frame reads:
where we introduced the spinor c † iz = (c † iz↑ c † iz↓ ). Notably, the spin-part of this gauge transformation further modifies the Zeeman/exchange fields felt by the two SCs, thus, yielding in the new frame: The above, implies that in this new basis, the spin-phase bias induces nonzero x components for the fields felt by the two SCs. Noteworthy, when the magnetic field has all its components nonzero, it violates the chiral symmetry protecting the pairs of edge MBSs for the ground state of a single STSC with d x,y = 0. In this scenario, the MBSs at a given side of the interface hybridize for all values of ∆φ s , since the magnetic field always possesses a component in the d-vector's plane. However, for a single STSC with only d y nonzero, the two vectors h and d become orthogonal for ∆φ s = π, thus, zero-energy MBSs emerge.
In the following analysis we take into account the modification of the interface-coupling Hamiltonian, as well as the rotation of the fieds, and project them onto the MBS subspace to analyze the ABS spectra for the four possible device ground states.
A. Dyy ground state
Based on the preceding discussions, it is straightforward to understand the phenomenology of the D yy device ground state, with the main results depicted in Fig. 3(a) Fig. 2 . In (e)-(h) and (i)-(l) we depict the low-energy spectra as a function of the charge-and spin-phase differences ∆φc and ∆φs, imposed between the two STSCs. In each plot, eight energy levels are shown, accounting for both the four nearby interface (solid lines) and the four far-away bound states (dashed lines). The parameters employed are as follows: for Dyy we used θ1 = θ2 = 0.1π and t b = 0.10t; for Dxx we have θ1 = 0.1π, θ2 = 0.25π and t b = 0.15t; for Dxy we chose θ1 = 0.1π, θ2 = 0.25π and t b = 0.05t; at last, forDyy we considered θ1 = 0, θ2 = 0.1π and t b = 0.10t. For all the plots we assumed t = 1, h1 = h2 = 0.05t and µ = t. The Dyy state in (e) and (i) exhibits always fully-gapped ABS spectra, except for ∆φs = π, which leads to the crossing of all the eight modes at zero-energy. The ABS spectra for the Dxx configuration are shown in (f) and (j). In the presence of ∆φc there are always four degenerate zero-energy solutions which correspond to the MBSs far from the interface (dashed lines), and this condition holds for ∆φs = 0. At ∆φc = π, the MBSs at the interface of the heterostructures are restored, thus, resulting to the eight zero-energy solutions shown in (f). As shown in (g), the ABS spectra for the Dxy case which is dictated by very different d-vectors on the two sides of the junction, are practically nondispersive upon applying a charge-phase drop across the interface. Nonetheless, as shown in (k), the dispersion of these bands becomes enhanced in the presence of a spin-phase difference ∆φs. In this case, one finds that four degenerate zero-energy modes are restored for the high-symmetry values ∆φs = 0, π. In panel (h) we focus on theDyy configuration, in which, the MBS at the interface are split by all the possible values for the charge-phase difference, except for ∆φc = π. As portrayed in (l), the application of a spin-phase difference allows for four MBSs to emerge at the interface when ∆φs = π.
for a nonzero charge-and spin-phase difference, respectively. In the first case, all interface MBSs are gapped out due to the nonzero y component of the magnetic field, which breaks the unitary symmetry protecting the pairs of MBSs appearing before contact at zero field. In contrast, when a spin-phase bias is imposed, the unitary symmetry becomes reinforced for π, thus, restoring the protected pairs of MBSs of the decoupled STSCs. In fact, the MBSs at π remain present even after the two STSCs come in contact, since also the Majorana-Josephson couplings vanish at the same spin-phase value. Consequently, one obtains fermion-parity-protected linear crossings at ∆φ s = π.
B. Dxx ground state
In this ground state, the left (right) superconducting segment harbors two interface MBSs, with corresponding operators γ 1;Π1;ν (γ 2;Π2,ν ). Here, ν = ±1 labels operators possessing the same chirality, which is an eigenvalue of the chiral-symmetry operator Π = τ x σ z . Notably, in the weak-field limit, the chirality of the MBSs is essentially decided by the sign of the d x component and, thus, can be inverted by a π-rotation of the field in the yz plane. Given a specific chirality value, the respective MBS eigenstates can be found using the results of Sec. III A. There exist two scenarios, linked to the two possibilities: Π 1 = Π 2 or Π 1 = −Π 2 .
We first examine the case of Π 1 = −Π 2 and assume, without loss of generality, that Π 1 = +1. At this stage, we project Eq. (13) onto the MBS subspace, by approximating the electronic operators as follows:
with f iz , g iz ,f iz andg iz appropriate functions decaying away from the interface. After introducing the above expressions in Eq. (13), we find the low-energy Hamiltonian coupling MBSs belonging to different TSCs
with t ±1 appropriate coupling matrix elements proportional to t b . For ∆φ s = 0, it is only the above Hamiltonian that couples the interface MBSs and leads to two ABS branches. These ABS spectra exhibit the usual 4π-periodic Majorana-Josephson dependence, with linear crossings at ∆φ c = π, which are now protected by chiral symmetry, instead of fermion-parity. This result is numerically confirmed, as it becomes evident from Fig. 3(f) . For ∆φ c = 0, all the interface MBSs are split, while the MBSs away from the interface stay at zero energy for all values of ∆φ c . Instead, when a spin-phase difference is imposed, the ABS spectrum originating from interface MBSs is fully gapped, as also illustrated in Fig. 3(j) . As mentioned earlier, this is a consequence of the violation of chiral symmetry for a nonzero ∆φ s , which pairs-up MBSs at all edges. Note that the MBSs away from the interface remain at zero energy for ∆φ c,s = 0, due to the preservation of chiral symmetry and the vanishing of the inter-STSC-coupling matrix elements T iz+jz near the very-left and very-right edges. We conclude this paragraph with the scenario Π 1 = Π 2 , in which all the interface MBSs share the same chirality. As a result, the inter-STSC couplings are now proportional to sin [(∆φ c + ν∆φ s )/2], instead of cos [(∆φ c + ν∆φ s )/2], with ν = ±1. This shift does not lead to any qualitative difference compared to the already-examined case of opposite chiralities.
C. Dxy ground state
We continue with the D xy ground state. In this case, the left segment yields two zero-energy interface MBSs γ 1;Π1;±1 , while the right segment yields two already-split MBSs. Since here we are interested in the weak-field limit, we may build our analysis for the right segment upon the MBSs which are obtained in zero field. To correctly describe the right segment we then need to explicitly add the MBS-hybridization term induced by the h y field component. This hybridization term is already present for zero phase differences. Within this approach, the MBSs for the right segment are associated with the two operators γ 2;Π2,±1 . Notably, the pairs of MBSs on the two sides of the interface are protected by different chiral-symmetry operators. This mismatch plays a crucial role for the periodicity of the energy dispersions with respect to the phase differences.
To elaborate on the periodicity properties of the phasedifference-twisted ABS spectra for such a hybrid-device ground state, we consider a particular example where Π 1 = −Π 2 = +1. Thus, without loss of generality, we approximate the electronic operators in the follow sense:
Projection of the coupling Hamiltonian in Eq. (13) and taking into account the symmetry-breaking effects of the field for the two STSCs, yield the MBS interface couplings 
with t ± ∝ t b , E h1y ∝ h 1y and E h2y ∝ h 2y suitable energy scales. We remark that also the MBSs away from the interface feel the two last field-related terms of the Hamiltonian above. Therefore, the two pairs of the faraway edge MBS always become split for ∆φ s = 0, π. From the above, we find that when ∆φ s = 0, two far-away and two interface MBSs become pinned to zero energy for a charge-phase difference of 0 or π. The former (latter) are located only (predominantly) at the edges of the STSC on the left hand side. Remarkably, the situation is reversed for ∆φ c = 0, π and a spin-phase difference of ∆φ s = π, with the far-away (interface) MBSs appearing only (mainly) at the edges of the STSC on the right hand side. See also Figs. 3(g) and (k). In fact, this result is independent of the precise values of the chiralities of the interface MBSs.
We remark, that, for both cases of applying a chargeor a spin-phase difference, we find an ABS branch which, despite exhibiting a 2π-phase periodicity, it contains two fermion-parity protected linear crossings. For t ± E h2y (t ± E h1y ) we can integrate out the ABS fermion associated with the pair of split MBSs on the right (left) segment, and obtain an effective coupling for the two interface MBSs of the left (right) segment alone. This is only possible for ∆φ s away from π (0). For an illustration, we set ∆φ s = 0 and obtain the following effective low-energy Hamiltonian:
The resulting two ABS dispersions account for the sinusoidal-like energy branches shown in Fig. 3(g) . Similar arguments allow us to obtain a low-energy sinusoidal ABS branch dispersing with ∆φ s , for ∆φ c = 0, π. This result is shown in Fig. 3(k) and can be seen as the result of an intrinsic nonzero π spin-phase difference across the interface in the D xy , which is rooted in the d-vector mismatch. Even more, the presence of a sinusoidal-like ABS branch leads to a spontaneous spin-Josephson current.
D.Dyy ground state
The final type of device ground state to be discussed is the case in which both segments feature a d y configuration. However, on one side the field is aligned along the z axis, while on the other, the field is generally oriented in the yz plane. As in the previous paragraph, the weak-field limit considered here allows us to use the zerofield case as a starting point. At zero field we obtain two pairs of symmetry-proteted MBSs per interface side, by means of a chiral symmetry which is present. This is generated by the operatorΠ = τ x for both STSCs. When the abovementioned field configuration is switched on, the pair of MBSs on one side become split due to the h y component of the field. Thus, one can distinguish two possibilities depending on whether the chiralitiesΠ 1,2 of the interface MBSs are the same or opposite.
We first examine the case of opposite chiralities, and for the demonstration we assume thatΠ = +1 for the STSC on the left hand side, which is additionally assumed here to be under the influence of the field which is parallel to the z axis. Given these assumptions, we have the MBS-projected electron operators: We observe that for ∆φ s = π the above Hamiltonian yields two 4π-periodic Majorana-Josephson dispersions with respect to ∆φ c which, however, are proportional to sin(∆φ c /2) instead of cos(∆φ c /2). Instead, if ∆φ s = π, the ABS spectrum is 2π-periodic in ∆φ c . If ∆φ c = 0, we find a linear crossing at ∆φ s = π for all branches, since in this case chiral symmetry on the right hand side segment is restored and, at the same time, all the inter-STSC MBS couplings vanish. See Figs. 3(h) and (l) for the numerical confirmation of these results, obtained using the fully-self-consistent formalism. Similar to the D xy case, we can find an approximate expression for the ABS spectra as a function of ∆φ c when t ± E h2y and ∆φ s sufficiently away from π. To connect to the results of Fig. 3 we set ∆φ s = 0. By integrating out the MBSs on the right segment we find an effective coupling for the two MBSs of the left segment, which reads
The resulting positive and negative ABS branches agree with the ones obtained numerically and are shown in Fig. 3(h) . It becomes evident from inspecting the above expression, that, there exists a quadratic band crossing at ∆φ c = π.
V. MAJORANA BOUND STATES AND SPIN POLARIZATION
Recent groundbreaking experiments [61, 64-66, 72, 76] have detected the presence of MBSs in artificial topological superconductors which rely on magnetic chains deposited on top of a superconducting substrate. In these experiments, MBSs appear in the effectively-spinless limit and their observed fingerprints are associated with the nontrivial spin content of the corresponding MBS wavefunctions [77] , rather than a true spin degree of freedom. Essentially, the spin-content of the MBS wavefunction enters in the matrix elements describing the coupling of the MBS to the STM-tip electrons and, this, leads to a spin-selective differential conductance [79, 80] . This situation maps to the case of an initially spinful STSC, such as in Eq. (7), when the field is sufficiently strong to completely deplete one of the two spin bands. In this effectively-spinless limit, the STSC harbors a single MBS per edge. Nevertheless, both intrinsic and artificial systems can exhibit multiple MBSs per edge, despite the fact that the spin degree of freedom is practically quenched.
As we have discussed throughout this work, such a possibility arises in the presence of a symmetry, e.g., of the chiral type. For instance, such a scenario is unlocked for the system of Eq. (7) if we consider the spinless limit, but assume a d vector with a k structure of the form sin(nk), with n ∈ Z. In the case n = 2, two MBSs become possible on the same edge, which remain unpaired by virtue of the orthogonal spatial distributions of the corresponding wavefunctions [58] . Thus, here, it is a sublattice degree of freedom which leads to two MBSs per edge. In fact, if we also replace the cos k nearest-neighbor hopping term of Eq. (7) with its next-nearest-neighbor analog, i.e., cos(2k), we obtain two decoupled interpenetrating sublattices, each one supporting a single MBS per edge. The possibility of multiple chiral-symmetryprotected MBSs has been already studied in the STSC context in Refs. 9, 10, 12, and 13. Notably, a similar situation takes place in topological magnetic chains as, also there, it has been shown [58, 59, 80] that multiple MBS can emerge by virtue of a sublattice/chiral symmetry.
In the present study, however, we deal with a radically different physical situation, since the STSCs in discussion are studied in the weak-field limit. In fact, the intrinsic topological nature of a STSC allows it to harbor two MBSs per edge without the requirement of a magnetic perturbation. For the k structure of the pairing term considered in Eq. (7), one obtains two MBSs per edge by virtue of a unitary symmetry, which essentially reflects the time-reversal symmetry of the system at zero fields. Therefore, the electron spin is an active degree of freedom in our case and can leave a unique imprint on the spin-resolved STM, which goes beyond the spin-selectivity effects discussed in Refs. 79 and 80. In fact, the authors of Ref. [78] , have shown that a Kramers pair of MBSs is characterized by an Ising spin, i.e., the spin-density operator is nonzero only along a specific direction in spin space. In stark contrast, the spin-density operator in the case of multiple MBSs protected by a sublattice symmetry is identically zero [77] . Nonetheless, the electron spin-density induced by MBSs is nonzero even for effectively-spinless topological superconductors, and this exactly what the spin-resolved experiments of Refs. 61, 64-66, 72, and 76 have measured so far.
In our present analysis we move towards both directions. We first demonstrate the emergence of an Ising spin for the unpaired MBSs in the STSC junction, which appear for special values of ∆φ c,s , and additionally compute the electronic component of the spin density induced by these MBSs. In the following, we focus on the D xx configuration, while a similar qualitative behavior is obtained for the D xy andD yy device ground states, which are briefly discussed in Appendix A.
A. Ising spin-density operator
In this section, we focus on the Ising structure of the spin density emerging in the D xx ground state for ∆φ c = π and ∆φ s = 0. In this case, two pairs of uncoupled MBSs appear at the junction's interface as a result of the restoration of chiral symmetry. Note that the chiral symmetry in the present case can be connected to a timereversal, rather than a sublattice, symmetry in the zerofield limit, thus, allowing the spin to be a relevant degree of freedom.
We begin our analysis by considering the structure of the MBS wavefunctions, using the real-space spinor basis
Since the BdG Hamiltonian has both the chargeconjugation Ξ = τ x K and chiral Π = τ x σ z symmetries, the two MBSs wavefunctions (ν = ±1) for a given chirality (Π = ±1) have the following general form:
with g ±1 (i z ) being functions that take into account the spatial distribution of the MBS wavefuntions near the interface of the junction, while the angle β iz sets the local electron-and hole-spin orientations. Hence, taking into account that the spin operator is expressed as:
with m s = /2, one can immediately verify that the expectation values satisfy Φ MBS,Π,ν s Φ MBS,Π,ν = 0, independently of the values for ν and Π. On the other hand, the x component of the spin operator has a nonvanishing amplitude when considering the mixing term
Then, one generally finds that, for a given chirality subspace, the expectation value of the spin polarization including both the electron and hole parts, is identically zero for the components which are coplanar with the magnetic field (i.e. yz plane), while it is not vanishing for the projections along the direction perpendicular to the magnetic easy plane. Thus, as also demonstrated in Ref. 78 , each pair of MBSs can exhibit an Ising-type spin polarization with an orientation which is perpendicular to the plane of the applied magnetic field. We remark, that, the averaged spin polarization over all the MBSs is vanishing.
B. MBS-induced electronic spin polarization
While the interference of the electron and hole part generally builds up a spin polarization along a particular spin orientation, the investigation of the projected MBSs occurring close to the interface assuming that the phase difference is ∆φc = π and ∆φs = 0. The parameters are: θ1 = 0.10π, θ2 = 0.25π and t b = 0.15t. In the right panel (e) we report the atomically-resolved three-dimensional texture of the MBS-induced electronic spin-polarization close to the interface site, which is indicated with a golden point. electron or hole components of the MBSs unveils a much richer structure in both the spin and spatial distribution. But more importantly, it is the electron component of the spin density which is accessed at the atomic scale through STM. In this case, the measured spin-resolved electron current is probing the local electron component of the BdG eigenstate, at the given energy associated with the applied voltage. Therefore, here we are interested in zerobias spin-resolved STM.
The inspection of the electron component of the MBS wavefunctions shows a distinct spatial and orientation dependence. The first observation is that each MBS wavefunction exhibits a spin profile in space with local components which are nonvanishing along all the symmetry directions. See Figs. 4(a)-(d). This can be tracked by using again the general expression of the MBS wavefunctions and obtain only the spin operator projected onto the electron component, i.e., s e = P e s with P e = (1 + τ z )/2 the corresponding projector. One now finds that all the components of s e are now nonvanishing. For instance, the local y and z spin components in the space spanned by {Φ MBS,Π,ν ,Φ MBS,Π,−ν } have both diagonal and off-diagonal terms, e.g., for the z electronic component this is given by s z,e ν=1;ν=1 = − s z,e ν=−1;ν=−1 = −m s cos(2β)/2 and s z,e ν;−ν = m s sin(2β)/2. On the other hand, the electronic component of s x,e does not depend on β. The structure of electronic spin polarization of the zero-energy MBS is important in setting the character of the resulting magnetic profile when averaging over all the degenerate MBSs occurring at the interface of the STSC junction.
Indeed, when combining all the spin components, as shown in Fig. 4(e) , the resulting orientation shows a sort of regular pattern with pairs of neighbor spins pointing in the same direction, separated by a single spin which is noncollinear to them. We find that such a pattern is not sensitive to the variation of the values of the model parameters, or, changes in the applied magnetic field within the selected topological regime. Therefore, this robustness indicates a possible distinctive mark of the unpaired interface MBSs. Such a characteristic spatial pattern is more evident in the averaged spin polarization over all the zero-energy interface MBSs. In this case, as discussed above, the x component cancels out since it is independent of β, and the only nontrivial resulting orientations are in the yz easy plane of the applied magnetic field. As one can see in Fig. 5 , the spin polarization indeed lies in the yz plane and exhibits a modulated pattern with signchanges on both sides of the junction, with a variation on the scale of the Fermi wavelength. The different orientation of the spin in the two superconductors is dictated by the misalignement of the applied field. The analysis of the MBSs in other topological regimes with two MBSs at the interface indicates that the behavior of the spin polarization for each MBSs, or averaged over the zeroenergy MBSs, yields the same fingerprints in the spatial distribution and in the spin-space orientation (see Appendix A). Such a behavior is distinctive of a topological superconductor with multiple chiral-symmetry-protected boundary MBSs.
VI. NETWORKS OF STSC JUNCTIONS AND SYNTHETIC NONTRIVIAL TOPOLOGY
So far, our analysis has been restricted to strictly 1D STSC junctions. This simplification was made under the assumption that the energy eigenvalues obtained for the actual 3D system, disperse very weakly in terms of the wave vectors defined for the remaining two dimensions. This condition is often met in real materials, e.g., in organic superconductors [81] , since such systems are construed by loosely-coupled 1D chains. Here, we aim at exploring novel topological phenomena that open up by considering the possibility of a 2D network of 1D STSC junctions, while 3D generalizations are also possible and straightforward. However, their study will not be pursued here, since this is beyond the scope of this work.
This investigation specifically focuses on 2D networks which extend infinitely in the second direction. Therefore, by assuming periodic boundary conditions in this direction, we introduce the wave number q. Consequently, the MBS operators of Sec. IV pick up a q dependence and will be now referred to as Majorana edge modes. In a similar fashion, the Majorana couplings of Sec. IV generally depend on q. Since here we are interested in a qualitative discussion, we consider the limit of looselycoupled junctions, i.e., we assume that the energy scales for the inter-junction couplings are the smallest ones and, thus, these coupling terms can be included in a perturbative fashion on top of the results found in Sec. IV. Under these conditions, we consider that the MBS couplings discussed earlier are independent of q.
The additional coupling terms relate only Majorana operators on the same side of the junction. Notably, in the absence of any inter-junction couplings the energy eigenstates of the system are dispersionless with respect to q, i.e., they constitute so-called flat bands. In fact, the standard, even-under-inversion and spin-conserving, inter-chain electron hopping does not affect the Majorana edge mode dispersions, at least at this level of approximation. In contrast, inter-chain p-wave pairing renders the Majorana edge modes dispersive. In this paragraph, we also restrict to p-wave pairing which only involves the d x,y components and set d z = 0, unless otherwise stated. Moreover, building upon the results of Sec. III B, we consider that either d x or d y is nonzero on a given side of a single 1D junction and proportional to sin k. The inter-chain pairing contributes an additional term, which is proportional to the same or the remaining dvector component, depending on whether the pairing in (k, q) space is chiral or helical [1] . In the following, we consider the D xx , D xy andD yy device ground states in the presence of a generally nonzero charge-phase difference ∆φ c , and explore the arising topological properties of the Majorana-edge-mode dispersions in the synthetic (q, ∆φ c ) space. In fact, we are interested in the possible emergence of isolated and protected gap closing points in the ABS spectra defined in the synthetic space. See also our accompanying work discussed in Ref. 83 .
Before proceeding, a number of remarks are in order. Below, we do not include the D yy configuration in our discussion because it leads to fully-gapped ABS spectra and, thus, it is not suitable for the topological phenomena we aim at investigating here. We also remark that employing a ∆φ s bias yields similar results. In addition, we remind the reader that the chiral and helical types of pairing considered here, do not exhaust all the possibilities of p-wave pairing. Other types exist, e.g., nematic p-wave, but are not considered here because they do not lead to a full bulk gap for zero fields. We also point out that the chiral and the helical configurations are here introduced in a non-self-consistent manner, since the character of the present study is mainly explorative. Finally, for convenience and without loss of generality, we assume that the Majorana quasiparticles are associated with a bulk gap closing at q = 0. This allows us to restrict our analysis to small q. Note that similar results can be obtained if the relevant bulk gap closing occurs at q = π.
A. Dxx ground state
Given the results of Sec. IV, and the assumptions mentioned above, the Majorana couplings for ∆φ s = 0, connecting Majoranas across the same junction, read:
The above extension of the earlier-found formula is sup- where we introduced the velocity v, by assuming that both sides of the junction feel exactly the same interchain pairing. When the two sides of the junction are decoupled, the above terms induce a nonzero slope for the otherwise Majorana flat bands. However, the couplings between Majoranas across the junction allow for more complex dispersions. The structure of the couplings allows us to focus on a given ν. At this stage one distinguishes two cases, i.e., whether the MBS on the two sides of the junction are dictated by the same (Π 1 = Π 2 = Π) or opposite (Π 1 = −Π 2 = Π) chirality. In the former case, the ABS energy spectrum becomes:
and in the latter, it takes the form:
Evidently, only in the second situation we obtain isolated nodal points in the ABS spectra defined in the synthetic (q, ∆φ c ) space. In this case, we find a single node located at (q, ∆φ c ) = (0, π), for both ν = ±1. Identical results are found if the inter-chain pairing is of the helical type on both sides of the junction, with the only difference that the signs of the inter-junction couplings additionally depend on the sign of the quantum number ν. In fact, we find that the Majorana couplings for the two Majorana edge modes on a given side of the junctions have opposite signs. Note, that, while this is natural for a helical p-wave STSC in the absence of magnetic fields, it is not generally expected when timereversal symmetry and Kramers degeneracy are broken. Nevertheless, we find that this feature also persists in the weak-field limit examined here.
We now conclude with the mixed case, in which, one side of the junction is dictated by chiral pairing, and the other by helical. In this situation, we find that the Majorana edge modes of only a single ν species become coupled, and lead to a protected nodal point in the spectrum, independently of the relative sign of Π 1 and Π 2 . At the same time, the two branches of the remaining species only become shifted and, thus, persist in the low-energy sector. In all the above cases, we have either found two nodes located at the same point of the synthetic space or a single node coexisting with other ungapped Majorana edge modes. Therefore, in both cases the sought-after nodal points are fragile, and all these situations correspond in practice to topologically-trivial scenarios.
B. Dxy ground state
In this configuration, the MBSs on the right (without loss of generality) hand side of the junction are already coupled and energetically split. Considering the limit in which this splitting constitutes the largest energy scale of all the Majorana couplings, the nontrivial topology is associated with the MBSs on the left hand side of the junction. In the presence of inter-chain pairing, the effective low-energy Hamiltonian describing these two types of Majorana quasiparticles has the form:
sin ∆φ c iγ 1;Π1;+1 (−q)γ 1;Π1;−1 (q)
where λ Π1,ν = λ Π1,−ν (λ Π1,ν = −λ Π1,−ν ) for chiral (helical) inter-chain pairing on the left side of the junction. Based on the discussion of the previous paragraph, we find that only the helical pairing can lead to a topologically nontrivial nodal bandstructure. The nodes are obtained for q = 0 and sin ∆φ c = 0 ⇒ ∆φ c = 0, π. These nodal points are separated in synthetic space and, therefore, are topologically protected. Interestingly, this result does not depend on the type of inter-chain pairing emerging on the right hand side of the junction. At this point, we briefly comment on the effects of a nonzero d z , in connection with the fermion-parity pumping discussed in Ref. 83 . As shown there, the pumping occurs due to the adiabatic time dependence of a parameter θ, which controls the composition of the Majorana couplings. For this effect to take place in the systems examined here, a nonzero d z component is required. To demonstrate this, we here assume that the STSC on the left hand side exhibits the topologically-relevant helical inter-junction pairing. Moreover, we consider that the d z component to be added is also consistent with this type of pairing. A suitable vector satisfying these constraints has the form d(k, q) = (id sin k, id sin q, id sin q), where d d. Similar arguments to the ones presented in the paragraph above, allow us to conclude that the topologicallyrelevant case is when helical pairing dictates the side of the junction which feels the magnetic field oriented along the z direction. Nevertheless, in contrast to the D xy case, here we find a second-order node located at (q, ∆φ c ) = (0, π). The order here reflects that an expansion of the energy dispersion about this node is quadratic in ∆φ c . However, a second-order node can be viewed as two merged linear order nodes. The latter implies that this node is unstable and the arising topological properties trivial.
VII. CONCLUSIONS
We show that the vectorial nature of the superconducting order parameter, which fully encodes the information of the spin-triplet structure of the Cooper pairs, is a prominent and essential handle to design the topological and transport properties of superconducting heterostructures. While the odd-parity character of the superconducting order parameter is well known to be a prerequisite for having topologically-protected bound states, we demonstrate how the presence of spin-active degrees of freedom can lead to new symmetry-enriched physical scenarios in the context of topological superconductors.
From the point of view of the control physical mechanisms, we single out unique magnetoelectric means to drive topological transitions without any gap closing, by fully exploiting the nontrivial connection between bulk and boundary states when different configurations of the superconducting order parameter compete and are close in energy. The here-proposed effects clearly indicate that spin-dependent and boundary-driven reconstruction can be realized in superconductors with spin-active degrees of freedom and can remarkably lead to a local control of the topological properties of hybrid superconductng heterostructures.
Futhermore, the performed analysis allows us to find two distinct physical and functional regimes for the topological Josephson junction. When gating the interface into a configuration with a large tunnel-barrier amplitude and for magnetic-field orientations mostly perpendicular to the d-vector plane, the system exhibits conventional Andreev-bound-state spectra which can be converted into Majorana bound states only by applying a π spin-phase difference across the junction. In the other regions of the phase diagram one can generally bring the system to a regime of large tunability of the Andreev spectra by directly manipulating the configurations with two or four Majorana bound states through either a variation of the magnetic field orientation in one or both sides of the superconductors or by modifying the interface transparency by electrically gating the weak link as well as by suitably adjusting the phase drop across the junction. In this regime, we have at hands an extraordinary flexibility in the control of the hybrid junction as it can be magnetoelectrically guided to switch between different configurations with multiple Majoranas at the interface.
The distinct mark of the behavior of the topologi-cal Josephson junction is reflected in the wide range of regimes of Andreev spectra that can be obtained by both varying the magnetic-field orientation and the strength of the interface transparency. The versatility of the spinand electric-active topological junction is also demonstrated by the rich variety of Andreev spectra which can be designed when a charge-and/or spin-phase twists the superconducting order parameters across the interface. The inequivalence of the Andreev spectra upon the application of a spin-or a charge-phase difference also implies a sort of spin-charge separation with the possibility of an independent tunability of the superconducting transport properties of the junction in the charge and spin sector. Even more importantly, the novel Andreev dispersions found here, can be also employed to engineer synthetic nontrivial topology when considering 2D networks of such 1D junctions. Our findings reveal that the case of a helical p-wave superconductor in the D xy configuration constitutes the most prominent scenario towards realizing this type of phenomena. Apart from the large versatility in the generation and manipulation of different topological configurations, the examined heterostructure has distinct magnetic properties when probing the spatially-resolved spin polarization of the Majorana and Andreev bound states. In the topological regime with more than one Majorana bound state at the edge, each state is marked by an Ising-type spin-polarization, which is always pointing along a direction perpendicular to the easy plane of the applied magnetic field. Furthermore, a local tunnel spectroscopy can give further access to the magnetic properties of the Majorana bound states, thus unveiling a richer internal structure corresponding to the electron-hole components of the Majorana wave function. Indeed, each Majorana bound state is marked by a spin pattern with a 3D spin texture. Then, the chiral symmetry makes the averaged spin-polarization at zero voltage to yield a spatially modulated profile at the atomic scale that is tied to stay in the easy plane of the applied magnetic field. Such predictions set remarkable symmetry constraints for the topological junctions with multiple Majorana bound states per edge and are significantly relevant for their unambiguous detection.
Appendix A: MBS-induced electronic spin polarization for the Dxy andDyy configurations
To complete the study of Sec. V, here we present the evolution of the electronic Majorana-induced spin polarization for the D xy andD yy configurations of the superconducting heterostructure. The results are reported in Fig. 6 . Similar to the D xx state, the electron spin polarization for each bound state has a 3D profile in spin space, and it is spatially asymmetric with respect to the interface because the Majorana states are mainly located on the topologically non-trivial side of the junction. See the zero-energy degenerate configurations indicates a yz planar spin orientation for the D xy case, with the spin component perpendicular to the magnetic field direction that is identically zero. This is shown in Fig. 6(c) . On the other hand, the averaged spin profile for theD yy is Ising-type with only a non-vanishing z-axis projection, which shows modulations in sign and amplitude near the interface, see Fig. 6 (f).
